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Abstract 
In the context of regular inspections of structures, the presence of cracks can sometimes be revealed. It is therefore interesting to 
know whether the structure can still be used or if a degraded mode of operation should be considered. It is of concern to assess 
the scatter of the remaining life of such cracked parts due to the uncertainties on the parameters of the prediction model. Thus for 
the purpose of the present study, a special attention has been given to the quantification of the uncertainty of each collected data 
(e.g., material properties, crack measurements) to be integrated in the crack propagation model. Three families of uncertainties 
have been studied, namely, material properties, geometrical and loading uncertainties. A linear elastic fracture mechanics 
(LEFM) based approach has been used to predict crack propagation in a widely used pressure vessel steel. The model uses 
classical Paris’ law where all the controlling parameters have been replaced by statistical distributions obtained from experiment, 
namely, crack growth tests, hardness tests, tensile tests and Charpy tests. Crack growth tests have also been carried out on thick 
notched specimen submitted to uniaxial cyclic load to obtain two dimensional cracks that can be representative of those to be 
found in industrial structures. During these tests, crack lengths have been measured simultaneously by time of flight diffraction 
(TOFD) ultrasonic method, digital image correlation (DIC) and some markings have been performed to estimate the crack length 
and crack front shape after the specimen failure. The comparison of data obtained from different observation techniques allowed 
for the quantification of the crack measurement uncertainty of the industrial TOFD technique. A sensitivity analysis has been 
carried out on the parameters of the model to evaluate and classify the influence of all sources of uncertainty on the residual life 
prediction. Last, results from crack growth tests on notched specimen have been used to assess the accuracy of the model 
prediction. 
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1. Introduction 
In industrial plants, the concept of exploitation risk is of first order importance due to equipment and employees’ 
safety as well as economic considerations [1,2]. Non-destructive evaluations and preventive maintenance stops are 
planned to manage this risk as much as possible. When some cracks are found, the owner has then to know whether 
the equipment can still be used (i.e., damage tolerance tools are needed) and for how long without being hazardous 
(i.e., crack propagation has to be assessed) or if it should be stopped and replaced. When it has been decided to 
replace the damaged part but its substitution cannot be performed straightaway, it is of interest to know whether a 
fail-soft mode can be planned to avoid shutting down the plant operations. The same idea can be used in the domain 
of extending the life of industrial structures. 
Although the fatigue damage process is largely dependent on material properties and loading conditions, the 
existing commercial codes are deterministic and do not take into account the scatter of predictions due to 
uncertainties to evaluate a given risk [3]. A probabilistic approach of this phenomenon is developed herein. The 
scatter of some parameters will be quantified and their influence on the remaining life of cracked parts loaded in 
fatigue will be observed. Experiments have been carried out to evaluate the uncertainties of both measurement 
techniques and material properties to integrate them in Paris’ crack propagation model. In the following, 
experimental and numerical results will be shown. First, all uncertainties taken into account are introduced and the 
way they have been evaluated will be presented. The choice has been made to classify those uncertainties into three 
categories, namely, material uncertainties, measurement uncertainties and loading uncertainties. Then Paris’ law 
based remaining fatigue life prediction model will be presented. Results obtained on specimen representative of the 
case study will also be shown before a comparison between prediction and experiment is performed. 
 
Nomenclature 
f  reference picture in digital image correlation 
g  deformed picture in digital image correlation 
u  measured displacement field by digital image correlation 
a  crack length (for 1D cracks) 
N  number of cycles 
C  constant in Paris’ law 
n  power in Paris’ law 
K  stress intensity factor 
ν  Poisson’ ratio 
E  Young’s modulus 
σy  yield stress 
σX  standard deviation of variable X 
μX  mean value of variable X 
KV  resilience (or impact toughness) 
KIc  toughness 
St, Sb  tensile and bending remote stress in stress intensity factor calculation 
Fs, Hs, Q constants in stress intensity factor calculation 
a  crack depth (for 2D cracks) 
c  half-crack surface length (for 2D cracks) 
t  thickness of specimen 
b  half-width of specimen 
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2. Material and experimental techniques 
2.1. Material and equipment 
For practical purposes, the choice has been made to use the so-called P265GH steel for this study. It is a material 
commonly used in the petrochemical industry and in many pressure vessels whose composition, manufacturing and 
minimum mechanical properties are standardized [4]. Specimen have been machined in a raw material laminate 
plate 25 mm in thickness, and the orientation of the machining compared with the rolling direction has been taken 
into account. Charpy, tensile and fatigue tests have been performed. During these tests, measurement techniques 
have been used to assess crack propagation: digital image correlation (DIC) and time of flight diffraction (TOFD). 
Digital image correlation is a displacement field measurement technique consisting of the registration of several 
pictures of the same area, taken at different instants of time. Let us assume that two pictures f and g are acquired for 
a different mechanical state. The relative displacement field u between f(x) and g(x) is measured by assuming gray 
level conservation 
 
          (1) 
 
This conservation is not strictly satisfied as Gaussian and uncorrelated fluctuations in gray levels arise at each 
pixel. It leads to uncertainties in the displacement field measurement. A particularity of the DIC algorithm used to 
determine the displacement field is that it is a global approach based on Q4P1-shape functions relevant to finite 
element simulations [5]. Furthermore, a post-processing of the measured displacement fields has been performed to 
determine precisely the position of the crack tip and the stress intensity factor during the tests [6,7]. This post-
processing is based on the identification of linear elastic fracture mechanics (LEFM) fields matching in the least 
squares sense those measured by DIC. The fields correspond to Williams’ series [8] representing mode I and mode 
II contributions to the resulting displacement field 
 
 (2) 
 
with 
 

(3) 
 (4) 
 
where μ is Lamé’s modulus, and k a dimensionless parameter dependent on Poisson’s ratio v (i.e. k = (3 − v)/(1 + v) 
in plane stress, or 3 – 4v in plane strain). Amplitudes  and , associated with fields  and , are the mode I and 
II stress intensity factors, KI and KII, respectively. Amplitudes  and  correspond to rigid body translations. The 
crack tip is located by cancelling out amplitude  of the first supersingular field. More precisely, a non-zero  
results in a shift d of the crack tip with respect to its exact location [9] 
 
      (5) 
 
Two parameters have to be chosen before performing this identification. First, as the theoretical fields are 
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described by semi-infinite series, not all the terms will be kept for the identification and their number may influence 
the results. Second, the region of interest in the vicinity of the crack tip in which the identification will be performed 
has to be defined by two parameters, namely, the external radius of the area and the size of the mask to apply to the 
crack path. 
The second technique used to evaluate the crack size during the tests is the time of flight diffraction (TOFD) 
method. It is an ultrasonic based method with double transducer probe based on the observation of diffraction waves 
at crack tip(s) in addition to classical transmitted / reflected waves. It uses Huygens-Fresnel’s theory according to 
which in a material, a discontinuity that receives an incident wave emits in each of its end point spherical waves of 
given frequency and phase. It follows that a crack tip in an area controlled by the TOFD technique would emit a 
wave toward the receiver transducer. If the time of flight of the so-called lateral wave, which is traveling straight 
from transmitter to receiver transducers, is taken as the reference time, the observation of the time of flight of the 
diffracted wave provides the depth of the crack tip in the controlled part [10]. 
2.2. Experimental techniques 
To determine the material properties necessary to implement the prediction model, standard tests have been 
carried out in different directions with respect to the rolling direction, namely, tensile tests on prismatic specimen 
[11] with longitudinal extensometer, and Charpy impact test on V-notched specimen [12]. Crack propagation tests 
have also been performed on centre cracked tension (CCT) specimen 50 mm in width [13] analysed by DIC to 
identify Paris’ law coefficients C and n  
 

    
 (6) 
 
where  is the stress intensity factor amplitude over a loading cycle governing the crack propagation increment  
during a number of cycle increment dN. These tests are cyclic with load ratio Fmin / FMax = 0.1 and frequency of 8 Hz 
with some interruptions every 1,000 cycles to take pictures at Fmin and FMax. Another test on notched sample has 
been instrumented with both TOFD and DIC techniques. The loading profile applied to the specimen was of the 
same type as that applied to the CCT sample but completed with some sequences of crack front marking. 
3. Determination of uncertainties 
In this section, the experimental methods that will assess all the uncertainties are presented. Three categories 
have been identified, namely, material property, geometrical and loading uncertainties. 
3.1. Material property uncertainties 
First, uncertainties on basic material properties such as Young’s modulus E, yield stress  or impact toughness 
KV have been quantified from standardized tests. For the tensile tests, three machining orientations have been 
chosen: 0, 45 and 90 degrees relative to the rolling direction, and three samples have been tested in each of them to 
estimate the scatter. Three loading / unloading cycles beyond the theoretical yield stress have then be applied to each 
specimen to have a good estimation of Young’s modulus before the tests were conducted up to failure to obtain both 
yield stress and ultimate tensile strength. Those tests revealed that the material has a transversely isotropic behaviour 
(i.e., no tests could be performed in the short transverse direction). The mean value  of Young’s modulus is equal 
to 206 GPa with an associated standard deviation  of 9 GPa. The mean yield stress  is equal to 302 MPa with an 
associated standard deviation  equal to 4 MPa. The ultimate tensile strength has a mean  = 428 MPa and a 
standard deviation  = 1 MPa. As the material behaviour is transversely isotropic, only three Charpy tests have 
been performed perpendicular to the rolling direction and led to the same absorbed energy of 110 J. Due to the high 
ductility of P265GH steel (elongation to failure of the order of 36%), specimen with a thickness of 76 mm should 
have been tested to identify its toughness. As the raw material plate was 25 mm thick this test is not possible. Some 
equivalence formulae are available to relate impact toughness and toughness [14,15,16,17,18], leading to a variation 
between 120 and 225 MPa.m1/2. 
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Another source of scatter in the estimation of the residual life in fatigue by LEFM is the uncertainty on Paris’ law 
coefficients C and n. To estimate the scatter in the determination of these coefficients, sources of uncertainties are 
accounted for, namely, picture acquisition noise, identification parameters and uncertainty of the model. The results 
are presented in Table 1 and Fig. 2. Raw data from a test performed on a CCT specimen are also shown on Fig. 1. It 
is worth noting that in order to minimize the effect of measurement uncertainties, the identifications of crack 
propagation laws are carried out on fitted crack propagation curves and not on these raw data, which would have led 
to very high scatter [7]. 
 
 
Fig. 1. Raw and fitted data from a CCT specimen test: (a) stress intensity factor range versus crack length; (b) crack length versus number of 
loading cycles 
 
Fig. 2. Paris’ laws determined by measured displacement fields that are post-processed with relevant identification parameters 
 
Table 1: Values of Paris’ law coefficients obtained with the proposed identification procedure 
Coefficients Mean Standard deviation 
C (   ) 7.7.10-11 9.4.10-12 
n 3.0 0.4 
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measurement uncertainty) about the initial crack length value of 0.65 mm.  
 
               
Fig. 5. Response of the model in terms of residual life as a function of: (a) parameters C and n; (b) initial crack length   
10,000 random selections according to normally distributed parameters C, n,  and  have been drawn. The 
results of the model predictions are shown in Fig. 6 (the red line represents the mean value of the remaining life in 
an actual experiment campaign and the dashed ones represent the scatter of those experimental data). 
 
 
Fig. 6. Distribution of the model results for 10,000 random selection in parameters C, n, ai and KIc distributions 
As it was pointed out in Section 3.1, the toughness of the P265GH grade has not been measured directly but only 
estimated with equivalence formulae. The influence of this parameter on the model response is shown in Fig. 7. The 
red bold line depicts the range of values that this parameter can reach depending on all the expressions that are 
found in the literature [14,15,16,17,18] (i.e., from 120 to 225 MPa.m1/2). 
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Fig. 7. Sensitivity of the prediction model to the   value 
It is concluded that in the considered range the influence of  is negligible. At the end of the stable crack 
propagation stage only a small number of cycles is needed to go from the minimum value to the maximum value of 
. 
5. Experimental results 
To properly initiate a crack from a semi spherical defect, a pre-cracking sequence has been performed. The 
analysed propagation sequence starts when the TOFD system identifies a 0.65 mm long crack in the thickness. A 
crack propagation followed by that system is shown in Fig. 8. The crack front marking sequences are visible as 
constant crack length is performed for 1 mm steps of propagation. Load shedding has also been performed on some 
specimen when the crack growth velocity was high in order to assess the retardation induced by fail-soft modes of a 
structure. The results of these tests are summarized in  
Table 2 with the effective lifetime until failure. This effective lifetime does not take into account the pre-cracking 
sequence or the crack front marking sequences. The results of such markings are shown for specimen 2 in Fig. 9. 
The initiation of the crack from the defect can easily be seen as well as the semi-elliptical propagation of the crack 
inside the specimen. In this profile, the lines relative to the marking sequences are about 0.1 mm thick, which 
guarantees a good evaluation of the ratio  . 
 
 
Fig. 8. Crack length measured by TOFD during the fatigue test on notched specimen 
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Table 2: Summary of results obtained from crack propagation tests on notched specimen 
Specimen Effective number of cycles to failure Remark 
1 138,000 Different precracking sequence: higher applied load 
2 310,000 None 
3 182,000 None 
4 333,000 Different loading ratio: R = −1 
Mean 241,000  
Standard deviation   83,000  
 
 
Fig. 9. Fractured surface of specimen 2 after cyclic test with crack front marking 
6. Discussions 
6.1. Evaluation of uncertainties 
It is shown that the measurement uncertainty in the crack depth estimation, about 0.16 mm, is greater than that of 
a simple thickness measurement. It is worth remembering that the study has been based on experiments to get the 
most relevant results. All uncertainties have been evaluated this way and provide an appropriate tool to quantify the 
confidence that can be given to a remaining life prediction. Some points may be improved. First, the TOFD 
acquisition system has been tuned using a calibration step block. Measurements performed on cracks then lead to a 
measurement uncertainty of about 0.16 mm. As this device is mainly used to measure crack depths, measurement 
errors could be reduced by tuning it directly from calibrated cracks of different sizes instead of planar surfaces. 
More reliable values would be found for the initial crack depth and its associated uncertainty and then be 
integrated in the sensitivity analysis. Another point is that although a mean value and a standard deviation have been 
identified for the ratio  , this information has not been completely used herein. Only the mean value has been 
used as a fixed parameter and the influence of its scatter on the prediction of the crack propagation has not been 
studied. This effect should also be treated as part of the overall sensitivity analysis. Last, the analysis should be 
performed taking into account the correlations between parameters (some of them are known to be strongly linked). 
6.2. Comparison between calculations and experiments 
First, it is observed that the model results are conservative. There is a reasonable agreement between the 
calculations and the experiments. To get a better result, load shedding applied to tested specimen should be taken 
into account in the model. Second, the pre-cracking length is known for each specimen but has not been strictly 
constant from one specimen to the next. This parameter has been experimentally identified as of first order regarding 
the residual life of tested specimen. The experimental scatter in the initial pre-cracking length will be exploited and 
related to the uncertainty of the TOFD crack length measurement. Some comparisons will thus be made between the 
theoretical influence of the initial crack depth  and that observed experimentally.  
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7. Conclusions 
The present work has shown an approach of the problem of reliability of cracked structures. It has started from 
the survey of the uncertainty sources, their evaluation and their impact on the residual life prediction of a damaged 
component. A quantification of these sources of uncertainty has been carried out and the values obtained have been 
used as entries to a linear elastic fracture mechanics crack propagation model. A global sensitivity analysis has been 
initiated from which some results have been obtained. The latter ones are to be completed with the remainder of the 
sensitivity analysis and by taking into account the effect of load shedding, which is representative of fail-soft modes, 
on the predicted life. The tests performed so far are representative of this type of situation, and will be of importance 
to compare calculations with experiments. A final step is to get in-service loading data, e.g. recorded during the 
exploitation of a pressure vessel. These data would allow the variability of the loading to be accounted for in 
addition to other sources of uncertainty. The comparison between experimental and simulated residual life showed 
that the model gives some conservative but still acceptable results. Last, more than the prediction of a probabilistic 
remaining life as a function of some uncertain entry parameters, crack propagation after a certain number of cycles 
should also be studied and compared to experiments. The model will thus be adapted so that the prediction of the 
number of cycles leading to a critical crack length and the crack length obtained after a given number of cycles will 
be compared to experiments. 
References 
[1] E. Propeck-Zimmermann, L. Ravenel, T. Saint Gérand, Cartographie des risques technologiques majeurs : nouvelles perspectives avec les 
SIG, Mappemonde 65 (2002). 
[2] B.A. Aubert, J.G. Bernard, Mesure intégrée du risque dans les organisations, Les presses de l’université de Montréal, 2004. 
[3] F. Gaudier, A. Pasanisi, A. Dutfoy, 2011,  Forum ORAP, 28th ed., CNRS, Paris, 2011. 
[4] European Committee for Standardization, Produits plats en aciers pour appareils à pression - Partie 2 : Aciers non alliés et alliés avec 
caractéristiques spécifiées à température élevée, EN 10028-2, 2009. 
[5] G. Besnard, F. Hild, S. Roux, "Finite-element" displacement fields analysis from digital images : Application to Portevin-Le Châtelier bands, 
Exp. Mech. 46 (2006) 789-804. 
[6] R. Hamam, F. Hild, S. Roux, Stress intensity factor gauging by digital image correlation: Application in cyclic fatigue, Strain 43, 2007, 181-
192. 
[7] F. Mathieu, F. Hild, S. Roux, Identification of a crack propagation law by digital image correlation, Int. J. of Fract. 36, 2012, 146–154. 
[8] M.L. Williams, On the stress distribution at the base of a stationary crack, ASME J. Appl. Mech. 24, 1957, 109-114. 
[9] S. Roux, J. Réthoré, F. Hild, Digital image correlation and fracture: an advanced technique for estimating stress intensity factors of 2D and 3D 
cracks, J. Phys D: Appl. Phys. 42, 2009. 
[10] J. Rivenez, Le TOFD en pratique, Les ouvrages du Cetim, 2009. 
[11] International Organization for Standardization, Essai de traction - Partie 1 : Méthode d'essai à température ambiante - méthode «B», ISO 
6892-1, 2009. 
[12] International Organization for Standardization, Matériaux métalliques - Essai de flexion par choc sur éprouvette Charpy - Partie 1 : méthode 
d'essai, NF EN ISO 148-1, 2009. 
[13] International Organization for Standardization, Matériaux métalliques - Essais de fatigue - Méthode d'essai de propagation de fissure en 
fatigue, ISO12108, 2008. 
[14] J.M. Barsom, S.T. Rolfe, Correlations between KIc and Charpy V - Notch Test Results in the Transition Range, ASTM STP 466, 1970, 281-
302. 
[15] J.M. Barsom, Development of the AASHTO Fracture Toughness Requirements of Bridge Steels, Eng. Fract. Mech. 7 (1975) 605-618. 
[16] R.H. Sailors, H.T. Corten, Relationship between Material Fracture Toughness Using Fracture Mechanics and Transition Temperature Tests, 
ASTM STP 514, 1972, 164-191. 
[17] B. Marandet, G. Sanz, Experimental Verification of the JIc and Equivalent Energy Methods for the Evaluation of the Fracture Toughness of 
Steels, ASTM STP 631 (1977) 462-476. 
[18] V.S. Girenko, V.P. Lyndin, Relationship between the impact strength and fracture mechanics criteria and KIc of structural steels and welded 
joints in them, Automatic Welding September, 1985, 13-19. 
[19] C.K. Shield, K.M. Swanson, R.J. Dexter, In-service non-destructive estimation of the remaining fatigue life of welded joints, Ship structure 
committee report 444, 2005. 
[20] J.C. Newman, I.S. Raju, Stress-intensity factor equations for cracks in three-dimensional finite bodies subjected to tension and bending loads, 
NASA Technical Memorandum 85793, 1984. 
